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Abstract

Gene duplication is thought to be a major source of evolutionary innovation because it allows one copy of
a gene to mutate and explore genetic space while the other copy continues to fulfill the original function.
Models of the process often implicitly assume that a single mutation to the duplicated gene can confer a new
selectable property. Yet some protein features, such as disulfide bonds or ligand binding sites, require the
participation of two or more amino acid residues, which could require several mutations. Here we model the
evolution of such protein features by what we consider to be the conceptually simplest route—point
mutation in duplicated genes. We show that for very large population sizes N, where at steady state in the
absence of selection the population would be expected to contain one or more duplicated alleles coding for
the feature, the time to fixation in the population hovers near the inverse of the point mutation rate, and
varies sluggishly with the �th root of 1/N, where � is the number of nucleotide positions that must be mutated
to produce the feature. At smaller population sizes, the time to fixation varies linearly with 1/N and exceeds
the inverse of the point mutation rate. We conclude that, in general, to be fixed in 108 generations, the
production of novel protein features that require the participation of two or more amino acid residues simply
by multiple point mutations in duplicated genes would entail population sizes of no less than 109.
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Although many scientists assume that Darwinian processes
account for the evolution of complex biochemical systems,
we are skeptical. Thus, rather than simply assuming the
general efficacy of random mutation and selection, we want
to examine, to the extent possible, which changes are rea-
sonable to expect from a Darwinian process and which are
not. We think the most tractable place to begin is with
questions of protein structure. Our approach is to examine
pathways that are currently considered to be likely routes of
evolutionary development and see what types of changes
Darwinian processes may be expected to promote along a
particular pathway.

A major route of evolutionary innovation is thought to
pass through gene duplication (Ohno 1970; Lynch and Con-
ery 2000; Wagner 2001; Chothia et al. 2003). Because one
copy of the gene can continue to fulfill the original function,
in this view a duplicate, redundant copy of a gene is sub-
stantially free from purifying selection, allowing it to freely
accumulate mutations. Although the great majority of non-
neutral mutations to duplicated genes are expected to result
in a null allele (Walsh 1995; Lynch and Walsh 1998), that
is, a gene that no longer codes for a functional protein,
occasionally one might confer a novel function on the in-
cipient paralog. If this occurs, then the duplicated gene can
be refined by mutation and positive selection, independent
of the parent gene.

In most models of the development of evolutionary nov-
elty by gene duplication, it is implicitly assumed that a
single, albeit rare, mutation to the duplicated gene can con-
fer a new selectable property (Ohta 1987, 1988a,b; Walsh
1995). However, we are particularly interested in the ques-
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tion of how novel protein structural features may develop
throughout evolution; not all structural features of a protein
may be attainable by single mutations. In particular, some
protein features require the participation of multiple amino
acid residues. Perhaps the simplest example of this is the
disulfide bond. In order to produce a novel disulfide bond,
a duplicated gene coding for a protein lacking unmatched
cysteines would require at least two mutations in separate
codons, and perhaps as many as six mutations, depending
on the starting codons. We call protein characteristics such
as disulfide bonds which require the participation of two or
more amino acid residues “multiresidue” (MR) features.

A more general example of an MR feature is that of a
protein binding site. A ligand bound to a protein interacts
with multiple amino acid residues (Janin and Chothia 1990;
Cunningham and Wells 1993; Braden and Poljak 1995; Lo
et al. 1999; Chakrabarti and Janin 2002). In general, there-
fore, in order to produce a binding site for a new ligand in
a protein originally lacking the ability to bind it, multiple
mutational events would be necessary. Li (1997) drew at-
tention to this fact in his textbook Molecular Evolution.
Prefacing a discussion of the evolutionary development of
the 2,3-diphosphoglycerate binding site of hemoglobin, he
wrote, “acquiring a new function may require many muta-
tional steps, and a point that needs emphasis is that the early
steps might have been selectively neutral because the new
function might not be manifested until a certain number of
steps had already occurred” (Li 1997).

In this paper, we report the results of the stochastic simu-
lation of the time to fixation of new MR features by what we
consider to be the conceptually simplest route: point muta-
tion in the absence of recombination in a duplicated gene
that is free of purifying selection. It can be seen that, for
very large populations, the expected time to fixation resides
near the inverse of the mutation rate per nucleotide and
decreases only slowly with the �th root of increasing popu-
lation size, where � is the number of nucleotide positions
that must be mutated to produce the feature. For smaller
populations, the time varies linearly with 1/N.

Results

The model

The model presented here assumes that newly duplicated
genes encode a full-length protein with the signals neces-
sary for its proper expression. It is further assumed that all
duplicate genes are selectively neutral. (This postulate is
examined in the Discussion.) Any given organism in the
population may be thought to have anywhere from zero to
multiple extra copies of the gene; that is, duplicate copy
number is considered to have no selective effect. However,
the model presupposes that there are a total of N duplicate

copies of the gene, equal to the number of organisms in the
population. The model assumes that either copy of a newly
duplicated gene can be the one to undergo mutation and that
either copy can retain the original function. That is, the
original gene is not necessarily the one to retain the original
function. Because the model does not include recombina-
tion, all copies of the gene accumulate point mutations in-
dependently of each other. The basic “task” that the model
asks a duplicate gene to perform is to accumulate � muta-
tions at the correct nucleotide positions to code for a new
selectable feature before suffering a null mutation. Because
the model presented here does not include recombination,
the results can be considered to be most applicable to a
haploid, asexual population. However, as will be discussed,
implications can also be made for the evolution of diploid,
sexual species.

The process we envision for the production of a mul-
tiresidue (MR) feature is illustrated in Figure 1, where a
duplicate gene coding for a protein is represented as an
array of squares that stand for nucleotide positions. A gene
coding for a duplicate, redundant protein would contain
many nucleotides. The majority of nonneutral point muta-

Figure 1. A freshly duplicated gene must accrue several compatible mu-
tations without suffering a null mutation in order to code for the multiresi-
due (MR) feature. Each box in an array represents a nucleotide position in
the duplicated gene. The three boxes outlined in blue are the positions that
must be changed in order to produce the new MR feature. (Although they
are contiguous in the drawing, they do not necessarily represent contiguous
positions in the gene.) A “+” labels a compatible mutation. A red “X”
labels a null mutation. The green-shaded box represents the gene coding for
the MR feature, where the several necessary changes have all been ac-
quired. The forward mutation rate is v times the number of incompatible
loci � remaining to be changed. The null mutation rate is �v.
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tions to the gene will yield a null allele (again, by which we
mean a gene coding for a nonfunctional protein) because
most mutations that alter the amino acid sequence of a pro-
tein effectively eliminate function (Reidhaar-Olson and
Sauer 1988, 1990; Bowie and Sauer 1989; Lim and Sauer
1989; Bowie et al. 1990; Rennell et al. 1991; Axe et al.
1996; Huang et al. 1996; Sauer et al. 1996; Suckow et al.
1996). However, if several point mutations (indicated by a
“+” in the figure) accumulate at specific nucleotide posi-
tions (indicated by the three squares outlined in blue in the
figure) in the gene coding for the protein before a null
mutation occurs elsewhere in the gene (indicated by a red
“X”), then several amino acid residues will have been al-
tered and the new selectable MR feature will have been
successfully built in the protein (indicated by the green-
shaded area). By hypothesis, the gene is not selectable for
the new feature when an intermediate number of mutations
has occurred, but only when all sites are in the correct state.

In our computer model of the process described above,
the nucleotide positions that must be changed from the se-
quence of the parent gene to be compatible with the devel-
oping MR feature (we call states of nucleotide positions
“compatible” if they are consistent with what is necessary to
code for the MR feature, and “incompatible” if they are not)
are explicitly represented as elements of an array (see Ma-
terials and Methods for details). These correspond to the
squares outlined in blue in Figure 1. (Although the positions
are next to each other in the figure, they are not necessarily
contiguous in the gene.) These may be considered to be
nucleotide positions in the same codon, separate codons, or
a combination. The pertinent feature of the model is that
multiple changes are required in the gene before the new,
selectable feature appears. Changes in these nucleotide po-
sitions are assumed to be individually disruptive of the
original function of the protein but are assumed either to
enhance the original function or to confer a new function
once all are in the compatible state. Thus, the mutations
would be strongly selected against in an unduplicated gene,
because its function would be disrupted and no duplicate
would be available to back up the function.

The other nucleotide positions in the gene, corresponding
to the black squares in Figure 1, which if they were changed

would yield a null allele, are represented only implicitly in
our computer model by the constant �, which is the ratio of
the number of mutations of the original duplicated gene that
would produce a null allele to the number of mutations of
the original duplicated gene that would yield a compatible
residue. (Definitions of terms are given in Table 1.) As an
example, consider a gene of a thousand nucleotides. If a
total of 2400 point mutations of those positions would yield
a null allele, whereas three positions must be changed to
build a new MR feature such as a disulfide bond, then �
would be 2400/3, or 800. (Any possible mutations which are
neutral are ignored.) In each generation of the simulation,
each of the three positions that must be changed to yield the
MR feature is sequentially given a chance to mutate with a
probability governed by the mutation rate. However, al-
though a mutation may occur in a position needed for an
MR feature, it would nonetheless be unproductive if a null
mutation had first occurred at a separate position. To simu-
late this possibility in our model, when an explicitly repre-
sented position does mutate, then we take a further proba-
bilistic step to decide if a null mutation has in the meantime
occurred elsewhere in the gene, in positions not explicitly
represented. In the earlier example, if one of the three po-
sitions mutates, then a further step decides with probability
� / (1 + �) (which in the example would be 800/801) that
one or more null mutations have already occurred some-
where in the gene, and the gene is considered to be irrecov-
erably lost. (The likelihood of a null mutation reverting and
the gene then successfully developing an MR feature before
other null mutations occur is much lower than if the first �
mutations to the duplicate gene yield compatible residues;
thus, we ignore that possibility.) With probability 1 / (1 + �)
(in the example this would be 1/801), the gene is considered
to be free of null mutations and continues in the simulation.

The starting point of the simulation (see Materials and
Methods for a more complete description) is a population of
organisms that already contains N exact duplicates of the
parent gene, which then begin to undergo mutation. For
simplicity, each position in an array, representing sites
which must be changed to yield an MR feature, can be in
either of just two states—the original incompatible state or
the mutated, compatible state. Mutations can change a site

Table 1. Definitions of terms

N Number of organisms/duplicate genes in the population
� Number of initially incompatible nucleotide loci in a duplicate gene that must be changed to form the selectable, multiresidue feature
v Point mutation rate per nucleotide per generation
� Ratio of the number of possible mutations of the original duplicated gene that would produce a null allele to the number of possible mutations of the

original duplicated gene that would yield a compatible residue. Neutral mutations, such as those that produce synonymous codons, are disregarded.
� Fraction of a particular nucleotide position that is in the incompatible state. (1 − �) is the fraction in the compatible state.
t Time, in generations
Tf Time in generations to the first occurrence of a particular multiresidue, selectable features
Tfx Time in generations to fixation in the population of a particular multiresidue, selectable feature
s Selection coefficient

Features that require multiple amino acid residues
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either forward from incompatible to compatible or back-
ward from compatible to incompatible. (Unlike for null mu-
tations, reversions of compatible mutations back to incom-
patible ones must be explicitly considered because the prob-
ability of reversion in this case is significant.) These
transitions occur with equal intrinsic probabilities.

Starting from a uniform population in which all sites that
must be changed are in a state incompatible with the MR
feature, then there are three processes in our model which
affect the rate of approach of the population to steady state,
which in turn affect the time required to generate the new
MR feature:

1. Sites in the incompatible state can mutate to the com-
patible state before any null mutation has occurred. This
takes place at a rate equal to the mutation rate per site
times the fraction of sites that are in the incompatible
state (since only that fraction can mutate directly to the
compatible state) times the probability that no null mu-
tation has already occurred. That is, at a rate equal to

��� 1

1 + ��,

where v is the mutation rate per site per generation, � is
the fraction of nucleotide sites in the population that are
in the incompatible state, � (as mentioned above) is the
ratio of possible null to compatible mutations over the
entire protein, and 1 / (1 + �) is the probability that a
compatible mutation occurs before a null mutation.
(Definitions of terms are given in Table 1.)

2. A site in the compatible state can mutate back to the
incompatible state before a null mutation occurs. This
takes place at a rate equal to

��1 −��� 1

1 + ��.

3. A mutation can occur in any one of the � sites, but a
stochastic check at this point decides with probability
� / (1 + �) that one or more detrimental mutations have
already occurred somewhere else in the protein, render-
ing it nonfunctional. The gene is then considered to be
null, and it no longer counts in the model. However, the
model allows for the occurrence of new gene duplication
events, which recent estimates have shown to happen at
a rate comparable to that of point mutation (Lynch and
Conery 2000). Because the rates of point mutations and
gene duplication are similar, in the model a gene that is
determined to be null is replaced by a new gene dupli-
cation event, with a new copy of the original gene (which
is presumed to be still under selection) with all sites in

the original, incompatible state. In the computer model,
this process effectively results in all � sites of a null gene
being reset to the original, incompatible state from what-
ever state they were in. This will happen at rate

���1 − ��� �

1 + ��.

The number of nucleotide positions � appears in this
expression because the more compatible positions that
were contained in a discarded null gene, the more that
are replaced with incompatible ones in a new gene du-
plication event. The protocol of checking for null muta-
tions in the model only when a mutation first occurs in
one of the � array sites has the intended effect of ensur-
ing that gene duplication occurs in the population at a
rate that is comparable to the rate of point mutation.

The overall net rate of change of the fraction � of sites
from the incompatible state will be a sum of these three
processes:

d�

dt
=

−��

1 + �
+

��1 − ��

1 + �
+

����1 − ��

1 + �
(1)

The first term of the right-hand side of the equation is
negative because it is a process in which incompatible sites
are removed. The second and third terms are positive be-
cause they describe processes where incompatible sites are
gained.

Integration yields:

�1 − �� =
1 − exp�−�t�2 + ��

1 + � ��
2 + ��

(2)

The numerator of the right-hand term is the degree of
saturation of the population with compatible mutations—the
degree to which it has approached steady state. The value of
(1 − �) is the population-wide fraction of nucleotide posi-
tions that are in a state compatible with the MR feature.

Because of computing limitations, the values of 0.01–
0.0001 used for the mutation rate v in the simulations pre-
sented following are much higher than the biologically re-
alistic value of about 10−8 (Drake et al. 1998), and the
values of 1–100 used here for � are lower than the value of
a thousand or greater expected for biologically realistic situ-
ations (Walsh 1995). However, the fact that Figure 2 shows
that the fraction (1 − �) of compatible mutants in our simu-
lations follows equation 2 very closely over a wide range of
values for � and � in populations that reproduce either de-
terministically or stochastically makes us more confident
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when we extrapolate the model to biologically realistic val-
ues of v and �.

In the following paragraphs, we develop from simple
considerations an equation which gives the same quantita-
tive behavior as the numerical model. In Appendix 1, we
derive the same form of equation more rigorously by con-
sidering coupled equations representing different segments
of the population.

What is the probability that a duplicated gene will give
rise to a particular MR feature? Consider a gene with � sites
all originally in the incompatible state. As discussed previ-
ously, the probability of one of those sites mutating to a
compatible state before the occurrence of a null mutation
elsewhere in the gene is

1

�1 + ��
.

Because any one of the � sites can mutate first, we can
write this as

�

�

1

�1 + ��
.

To mutate another residue to a compatible state, we must
choose among the remaining (� − 1) possibilities. Thus, the
probability for the second position is

�� − 1�

�

1

�1 + ��
.

The multiplied probability of all � sites mutating to com-
patible states before a null mutation occurs and before a
back mutation occurs is thus

�!

��

1

�1 + ���
.

(If a back mutation occurs at any point, the likelihood of
successfully developing an MR feature is much lower than
if the first � mutations to the duplicate gene yield compat-
ible residues; thus, we ignore that possibility.)

If the probability of an event is P, then of course on
average 1/P opportunities will be required before the event
occurs. Thus, to produce an MR feature in our model will
require an average number of opportunities equal to the
inverse of the probability discussed earlier, or

�1 + ��� ���

�!�.

At steady state, the number of opportunities to produce an
MR function in a given time period in a population will be
equal to the number of point mutations that occur in the
potential MR site across the population—that is, to the time
multiplied by the mutation rate per nucleotide v, the number
of nucleotide positions � that must mutate to compatible
residues, and the population size N —that is, equal to Nv�t.
To produce a gene with � compatible mutations, the incom-
patible residue in a gene with � − 1 compatible mutations
has to be mutated, so that the time to produce an MR func-
tion with � compatible sites will be proportional to the
degree of saturation of the system with genes containing
� − 1 compatible sites. However, as exemplified by Figure
2, our model does not start at steady state; it starts with all
sites in the incompatible state. Thus, the time required to
produce an event will also depend on the degree to which
the system has approached steady state, as follows. If the
degree of saturation for one compatible site is in general S,
then the degree of saturation for n compatible sites is Sn.

Figure 2. Fraction (1−�) of a nucleotide position in a compatible state
versus time (generations) normalized for the mutation rate (vt). In all cases,
the curves are determined from equation 2. (Top) N � 10,000, v � 0.001,
deterministic reproduction. Circles: � � 1, � � 2; inverted triangles:
� � 2, � � 3; squares: � � 4, � � 5; diamonds: � � 10, � � 10; tri-
angles: � � 100, � � 10. Each point is the average of 100 repetitions.
(Bottom) N � 100, v � 0.001, � � 1, � � 6. Circles are for deterministic
reproduction; each point is the average of 100 repetitions. Triangles are for
stochastic reproduction; each point is the average of 1024 repetitions.
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Thus, the degree of saturation with � − 1 compatible sites at
any given time is equal to the degree of saturation given in
equation 2 raised to the � − 1 power. Because the degree of
saturation changes in time, to find the total number of op-
portunities for producing an MR feature, this value must be
integrated over time.

These considerations can be combined to yield a quanti-
tative description of the behavior of the model with time.
The expected average time Tf to the first occurrence of an
MR feature for a population of duplicate genes initially in a
uniform state, needing � positions mutated to acquire the
MR feature, and with a ratio � of null-to-compatible muta-
tions, can be evaluated by equation 3.

N���
0

Tf �1 − exp�−�t�2 + ���

1 + �
����−1�

dt = �1 + ��� ���

�!�
(3)

The right-hand side of equation 3 is the inverse of the
probability discussed earlier. The left-hand side gives the

number of opportunities for production of the MR feature in
the nonequilibrium system starting with no nucleotide po-
sitions in compatible states. The preintegral term of the
left-hand side of the equation, Nv�, is the number of point
mutations occurring in the population per unit time at steady
state. The integrand of equation 3, which is the numerator
from the right-hand side of equation 2 raised to the power of
� − 1, is the degree of saturation of the system with “pre-
selectable” mutants—that is, mutants that are one step from
being selectable, with � − 1 sites in the compatible state.

Figure 3 shows the result of simulations in which the
number of sites � in an MR feature was varied along with
the ratio � of null-to-compatible mutations and the haploid
population size N. As can be seen, the curves generated by
equation 3 match the results of the simulations very closely
for a wide range of values of N, �, and �.

The effect of selection

The simulations shown in Figure 3 examined the number of
generations required to produce just the first occurrence of

Figure 3. Normalized time (generations) to first appearance (vTf) versus number of loci � required to be changed to yield the
multiresidue (MR) feature. In all cases, the curves are determined from equation 3. v � 0.01. Reproduction was deterministic. Filled
circles, N � 1; open circles, N � 10; filled inverted triangles, N � 100; open inverted triangles circles, N � 1000; filled squares,
N � 10,000; open squares, N � 100,000. (Upper left) � � 1; (upper right) � � 2; (lower left) � � 4; (lower right) � � 10. Each point
is the average of 100 repetitions.
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an MR feature in a population. However, beneficial muta-
tions are frequently lost from a population by stochastic
processes before fixation (Kimura 1983). In Figure 4, we
present the results of simulations which determine the time
to fixation Tfx of the MR feature in the population as a
function of the strength of the selection coefficient s. The
simulation results are well fit by equation 4.

N���
0

Tfx �1 − exp�−�t�2 + ���

1 + �
����−1�

dt =
�1 + ���

2s ���

�!�
(4)

Equation 4 is a minor modification of equation 3, where
the right-hand side of the equation is divided by twice the
selection coefficient. This result follows from the depen-
dence of the fixation probability on the selection coefficient
(Li 1997).

Pre-equilibration of the population

Thus far, the starting point for the model has been a uniform
population in which all genes are initially present as exact
duplicates of the parent gene. Mutations then begin to ac-
cumulate and the program immediately starts to check for
the presence of the MR feature, simulating the presence of
selective pressure from the start. However, a different situ-
ation can also be considered, in which the duplicate gene
begins to undergo mutation, but selective pressure arises
only at a later time, perhaps as a result of environmental
changes. In that case, the population of duplicate genes will
be at least part of the way toward its steady-state frequency
before selection affects the population. This can be modeled
in the simulation by neglecting to check for the presence of
the MR feature, treating it as a neutral property, until a
predetermined number of generations have passed.

Figure 5 shows the result of simulations in which all
duplicate genes began in a uniform state, identical to the
parent gene, but the population was allowed to undergo
mutation and reproduction for varying periods of time be-
fore starting to check for the MR feature. It can be seen that
as the length of the pre-equilibration period increases, the
average time from the start of selection to observation of the
duplicate gene coding for the new MR feature decreases for
population sizes, where, at steady state in the absence of
selection, at least one duplicated gene with the feature is
expected to already be present in the population, that is,
where the population size is greater than the inverse of the
probability of producing the MR feature, N > (1 + �)�(��/
�!). In Figure 5, this occurs at � � 5. For the case where
N < (1 + �)�(��/�!) (at � � 6 in Fig. 5), however, the ex-
pected time is essentially unaffected by pre-equilibration of
the population. Because it follows from equation 3 that
N < (1 + �)�(��/�!), when v times the evaluated integral is
>1, then Tf will be substantially unaffected by pre-equili-
bration when Tf � 1 / v.

Discussion

The model and its limits

Some features of proteins, such as disulfide bonds and li-
gand binding sites, which here we call MR features, are
composed of multiple amino acid residues. As Li (1997)
points out, the evolutionary origins of such features must
have involved multiple mutations that were initially neutral
with respect to the MR feature. We have attempted to model
such a process. In doing so, one might examine a number of
possible routes to an MR feature, for example, looking at a
unique gene that is under selective constraints, or looking at
mutations caused by insertions and deletions or recombina-
tion in a duplicate gene. Our model is restricted to the
development of MR features by point mutation in a dupli-

Figure 4. Normalized time (generations) to fixation (vTfx) versus the se-
lection coefficient s. In all cases, the curves are determined from equation
4. Reproduction was stochastic. N � 1000; v � 0.01–0.0001. Each point
is the average of 100 repetitions. (Top) � � 1. Filled circles, � � 1; open
circles, � � 2; filled inverted triangles, � � 3; open inverted triangles
circles, � � 4; filled squares, � � 5; open squares, � � 6; filled dia-
monds, � � 7; open diamonds, � � 8. (Bottom) � � 10. Filled circles,
� � 1; open circles, � � 2; filled inverted triangles, � � 3; open inverted
triangles, � � 4.
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cated gene. We strongly emphasize that results bearing on
the efficiency of this one pathway as a conduit for Darwin-
ian evolution say little or nothing about the efficiency of
other possible pathways. Thus, for example, the present
study that examines the evolution of MR protein features by
point mutation in duplicate genes does not indicate whether
evolution of such features by other processes (such as re-
combination or insertion/deletion mutations) would be more
or less efficient.

There are several reasons, both practical and theoretical,
for examining this limited model. First, as mentioned ear-
lier, gene duplication is considered to be a major route to
evolutionary novelty (Ohno 1970; Lynch and Conery 2000;
Wagner 2001; Chothia et al. 2003) and therefore it is im-
portant to explore its potential in regard to MR features.
Second, a duplicated gene can be considered to be largely
free of the effects of purifying selection (but see following)
and therefore selective effects, which are difficult to esti-
mate, can be ignored, simplifying the task at hand. Third,
point mutations are well-defined events, where transitions
occur among a limited set of states. In contrast, insertions
and deletions vary in size and composition, making them
difficult to model for our purposes. Thus, we confine our
model of the development of MR features to what we con-
sider to be the conceptually simplest and computationally
most tractable route, of point mutations in a duplicated gene
that is free of purifying selection.

Is the assumption of the selective neutrality of duplicated
genes either a realistic or a useful one? On the one hand, the

assumption appears not to be correct in at least some situ-
ations. For example, although the vast majority of neutral
duplicated genes are expected to result in null alleles, stud-
ies of polyploid organisms showed that more duplicate
genes survived over long periods of time than expected
(Ferris and Whitt 1977, 1979; Hughes and Hughes 1993;
White and Doebley 1998). This has provoked the sugges-
tion that gene dosage effects in polyploids might slow the
decay of duplicate gene copies and that more duplicates
may be preserved than expected by the process of subfunc-
tionalization, where a gene with two or more functions du-
plicates and each copy subsequently loses one of the func-
tions and then goes on to specialize in the preserved func-
tion (Force et al. 1999; Lynch et al. 2001). Although the
assumption of the selective neutrality of duplicated genes
does not fit data from some polyploid species (Ferris and
Whitt 1977, 1979; Hughes and Hughes 1993; White and
Doebley 1998), it may yet be a good model for individual
gene duplication events (Lynch and Conery 2000). In sup-
port of this view, recent studies have shown that genes that
have been recently duplicated seem to be under relaxed
selection, as indicated by the similar number of synony-
mous and nonsynonymous mutations they have acquired
(Lynch and Conery 2000; Kondrashov et al. 2002).

On the other hand, it should be emphasized that the utility
of the idealized model presented here—where there is no
selective effect from duplicate genes or from intermediate
states of the gene until the MR feature is completely in place
in a gene and where the only mutagenic process considered
is point mutations—is not dependent on a comprehensive
accounting for all relevant biological processes. Rather, its
usefulness lies in its ability to indicate when processes in
addition to those described in the model are required to
account for a feature. If the development of an MR feature
by means of point mutation in an ideal, neutral, duplicated
gene would require unrealistically large population sizes or
unrealistically long times, then one can conclude that other
factors (such as recombination, selection of intermediate
states, and/or other factors) must be examined to account for
the feature. Because neutral gene duplication and point mu-
tation is often invoked to account for complex features of
proteins, it would be useful to have a quantitative under-
standing for what such scenarios would entail in order to
assess their reasonableness.

In our simulations, the model starts in a uniform initial
state, with the population already in possession of N exact
duplicates of the parent gene. This, of course, is biologically
unrealistic but can be considered to approximate the end
result of either of two processes: (1) the spread of a dupli-
cate gene through a population by random drift until it is
fixed or (2) the occurrence of a phylogenetic branching
point, where after the branch point, a small population that
is homogeneous with respect to the duplicate gene expands
to a population size N. Although mutations will occur in

Figure 5. Effect of pre-equilibration of the population on normalized time
(generations) to first appearance (vTf) versus number of loci � required to
be changed to yield the MR feature. N � 1000; v � 0.001; � � 1. Each
point is the average of 100 repetitions. The curve is determined from
equation 3. Reproduction was deterministic. The simulation was pre-equili-
brated (that is, the population was subject to mutation and reproduction
without checking for the appearance of the multiresidue (MR) feature,
regarding it as neutral) for filled circles, 0 generations; open circles, 0.1 / v
generations; filled inverted triangles, 0.3 / v generations; open inverted
triangles, 1 / v generations; filled squares, 3 / v generations.
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copies of the duplicate gene during the period of either drift
of the gene or expansion of the population, there will be
fewer mutations—and thus fewer opportunities to produce
the MR feature—than in a population already at size N, each
with on average one copy of the duplicate gene, for the same
period of time. In either case, the time to reach the initial
state is neglected, so the time obtained from the simulations
can be considered to be an underestimate of the time to
fixation Tfx of the MR feature. Although we envision each
organism of the population as having one duplicate gene per
haploid genome, because recombination is disallowed and
each duplicate accumulates mutations independently, it
does not affect the model (as represented by equation 4) if
there is variation in copy number of the duplicate gene in
organisms, as long as the total number of duplicate gene
copies in the population is N.

Figure 3 shows that the results of the simulation closely
match those predicted from equation 3, which gives us con-
fidence to extrapolate to biologically realistic values of the
parameters of the equation. The curves in Figure 3 exhibit
two regions: (1) a nonlinear region at larger population sizes
and/or smaller numbers of sites and (2) a linear region at
smaller population sizes and/or higher numbers of loci.
These regions represent, respectively, (1) the situation
where in the absence of selection for the MR feature the
steady-state population would be expected to contain one or
more copies of the duplicate gene with an MR feature [that
is, where N > (1 + �)�(��/�!)] and (2) the situation where in
the absence of selection, the population on average at steady
state is not expected to contain a copy with the MR feature
[that is, where N < (1 + �)�(��/�!)].

The expected time for the nonlinear region largely re-
flects the amount of time necessary for the population to
approach steady state. This time is on the order of the in-
verse of the rate of point mutation and is relatively insen-
sitive to either the number of loci involved in the MR fea-
ture or the population size, varying inversely with only the
�th root of N (see Appendix 2). Thus, the ability to decrease
the time required to produce an MR feature much below
1 / v by increasing population size is greatly constrained by
the nonlinearity of the model, reflecting the slow equilibra-
tion of the population when multiple mutations are required.

As shown in Figure 4, the effect of changes in the selec-
tion coefficient on the behavior of the model are closely fit
by equation 4. It should be noted that the time calculated
from equation 4 reflects the average time required simply to
produce the MR mutant that will go on to become fixed in
the population; it does not explicitly include the time re-
quired for the mutation to spread and become fixed in the
population once it has been produced. The close fit of the
simulation results of Figure 4—which does include both the
time to produce the MR mutation that will be fixed plus the
time required for the mutation to spread through the popu-
lation to fixation—to the curve predicted from equation 4

emphasizes the fact that the timescale for fixation of the
mutation is negligible compared with the timescale required
to produce the mutation that will go on to become fixed.

As shown in Figure 5 for the nonlinear region, if the
population has been accumulating mutations for a period of
time before selection for the MR feature is applied (perhaps
representing a population approaching steady state where
the environment then changes, making a feature selectable
that previously had been neutral), then the expected time,
measured from the start of selection to the appearance of the
MR feature, decreases. On the other hand, as also shown in
Figure 5, for situations where the population is not expected
to have a copy of the duplicate gene with the MR feature at
steady state (in Figure 5, for � � 6), then the expected time
to its fixation is essentially unaffected by pre-equilibration
of the population. This is the case whenever Tf � 1 / v. It
should be noted that pre-equilibration explicitly allows for
the occurrence of rare, “lucky” alleles whose sequence is
closer to that of the MR feature than is the sequence of the
starting, predominant gene. Such rare alleles could thus be
poised to give rise to the MR feature in perhaps one or two
steps. The result shown in Figure 5—that, for � � 6, pre-
equilibration has no effect on Tf—demonstrates that on av-
erage the opportunity for the serendipitous occurrence of
rare alleles does not alter the expected time.

Estimation of Tfx for several cases

Estimated values for parameters of our model can be gar-
nered from the literature. Drake et al. (1998) estimate the
deleterious mutation rate to be about 0.2–2.0 per generation
per effective genome size of 108 bp for a variety of multi-
cellular organisms, both vertebrate and invertebrate. We use
that number to approximate the effective nucleotide point
mutation rate per generation v in coding regions to be on the
order of 10−8. Lynch and Conery (2000) calculate the rate of
duplication of a given gene to be 0.01 per million years—in
other words, 10−8 per year, which for our purposes we con-
sider to be roughly equal to the estimated nucleotide point
mutation rate (Lynch and Conery 2000; see also the discus-
sion of that work [Long and Thornton 2001; Lynch and
Conery 2001; Zhang et al. 2001]). Although here we assign
single values to the parameters, one must keep in mind that
there is significant uncertainty in estimating them and that
the rates may vary with time, species, region of the genome,
and other factors.

An estimate of � can be inferred from studies of the
tolerance of proteins to amino acid substitution. Although
there is variation among different positions in a protein
sequence, with surface residues in general being more tol-
erant of substitution than buried residues, it can be calcu-
lated that on average a given position will tolerate about six
different amino acid residues and still maintain function
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(Reidhaar-Olson and Sauer 1988, 1990; Bowie and Sauer
1989; Lim and Sauer 1989; Bowie et al. 1990; Rennell et al.
1991; Axe et al. 1996; Huang et al. 1996; Sauer et al. 1996;
Suckow et al. 1996). Conversely, mutations to an average of
14 residues per site will produce a null allele, that is, one
coding for a nonfunctional protein. Thus, in the coding se-
quence for an average-sized protein domain of 200 amino
acid residues, there are, on average, 2800 possible substi-
tutions that lead to a nonfunctional protein as a result of
direct effects on protein structure or function. If several
mutations are required to produce a new MR feature in a
protein, then � is roughly of the order of 1000. This value
for � is on the low end used by Walsh (1995), who consid-
ered values for � up to 105. (Walsh, however, defined � as
the ratio of advantageous-to-null mutations—the inverse of
our definition.)

It should be emphasized that the value of � is not the ratio
of mutations to an organismal genome that would be lethal
to those that would be mildly deleterious. Rather, it is the
ratio of the number of mutations that would inactivate a
typical protein to the number that would lead to a new MR
feature for that particular protein. Many genes can be si-
lenced with small or moderate ill effect on the organism (for
example, the gene for myoglobin can be inactivated in mice
with little ill effect in adult mice [Garry et al. 1998, 2003;
Meeson et al. 2001]). However, if a mutation inactivates a
protein, then it is counted in the model as a null mutation for
purposes of calculating �, whether or not it may have severe
phenotypic effects. The best estimate for this number comes
not from studies of mutations in organisms, but rather from
studies of the tolerance of specific proteins to mutation
(Reidhaar-Olson and Sauer 1988, 1990; Bowie and Sauer
1989; Lim and Sauer 1989; Bowie et al. 1990; Rennell et al.
1991; Axe et al. 1996, 1998; Huang et al. 1996; Sauer et al.
1996; Suckow et al. 1996).

The uncertainties involved in estimating � should be kept
in mind. On the one hand, although as just discussed, studies
selecting for activity of mutant proteins show most substi-
tutions to reduce function below that required for a biologi-
cal assay, a study searching for inactivating mutations to the
autotoxic ribonuclease barnase showed that comparatively
few substitutions reduced activity to that of uncatalyzed
reactions (Axe et al. 1998). This consideration may lower
the estimate of �. On the other hand, duplicate genes might
also be lost by processes other than point mutation, such as
deletion or recombination. Additionally, null mutations in
the coding sequence or flanking sequences might occur be-
cause of indirect effects such as, for example, altering the
stability of the mRNA. These considerations might effec-
tively increase the value of �.

Figure 6 uses equation 4 and the values for v and �
estimated earlier to plot the expected time in generations to
the fixation of an MR protein feature for populations of
different sizes. In addition, we use a value of 0.01 for the

selection coefficient s. Figure 6 shows that the fixation of
specific MR features by point mutation in duplicated genes
is a long-term phenomenon that requires populations of con-
siderable size. For example, consider a case where three
nucleotide changes must be made to generate a novel fea-
ture such as a disulfide bond. In that instance, Figure 6
shows that a population size of approximately 1011 organ-
isms on average would be required to give rise to the feature
over the course of 108 generations, and this calculation is
unaffected by pre-equilibration of the population in the ab-
sence of selection. To produce the feature in one million
generations would, on average, require an enormous popu-
lation of about 1017 organisms, although this number would
change if the population had pre-equilibrated in the absence
of selection.

For features requiring more participating residues, the
expected population sizes are even larger. As Li (1997)
noted, the binding site for diphosphoglycerate in hemoglo-
bin requires three residues. The population size required to
produce an MR feature consisting of three interacting resi-
dues by point mutation in a duplicated gene initially lacking
those residues would depend on the number of nucleotides
that had to be changed—a minimum of three and a maxi-
mum of nine. If six mutations were required then, as indi-
cated by Figure 6, on average a population size of ∼1022

organisms would be necessary to fix the MR feature in 108

generations, and a population of ∼1030 organisms would be
expected to fix the mutation in one million generations. In
a recent in vitro study intended to mimic evolution, a re-

Figure 6. Time to fixation Tfx versus number of loci � required to be
changed to yield the multiresidue (MR) feature. v � 10−8; � � 1000;
s � 0.01. Values for population sizes N are given across the top axis. In all
cases the curves are determined from equation 4. A line is drawn across the
figure at Tfx � 1 / v, which is 108 generations. Above the line, values for Tfx

are essentially unaffected by pre-equilibration of the population in the
absence of selection.
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combinant amphioxus insulin-like peptide was altered by
site-directed mutagenesis at seven nucleotide positions to
contain five altered amino acid residues that would allow
interaction with mammalian insulin receptor (Guo et al.
2002). In order for such a process to occur in vivo by gene
duplication and point mutation within a hundred million
generations would be expected on average to require >1025

organisms.
Such numbers seem prohibitive. However, we must be

cautious in interpreting the calculations. On the one hand, as
discussed previously, these values can actually be consid-
ered underestimates because they neglect the time it would
take a duplicated gene initially to spread in a population. On
the other hand, because the simulation looks for the pro-
duction of a particular MR feature in a particular gene, the
values will be overestimates of the time necessary to pro-
duce some MR feature in some duplicated gene. In other
words, the simulation takes a prospective stance, asking for
a certain feature to be produced, but we look at modern
proteins retrospectively. Although we see a particular disul-
fide bond or binding site in a particular protein, there may
have been several sites in the protein that could have
evolved into disulfide bonds or binding sites, or other pro-
teins may have fulfilled the same role. For example, Mat-
thews’ group engineered several nonnative disulfide bonds
into lysozyme that permit function (Matsumura et al. 1989).
We see the modern product but not the historical possibili-
ties.

We should also notice which parameters the model is
particularly sensitive to and which not. The model is least
sensitive to the point mutation rate v and the selection co-
efficient s because both of those appear only as linear terms
in equation 4. Thus, for example, if we consider an organ-
ism where the point mutation rate is increased by a factor of
103, then the numbers calculated from equation 4 will de-
crease by only that factor. For the case discussed earlier in
which six nucleotide changes were required, the population
size needed to fix the feature in 108 generations would then
decrease from 1022 to just 1019.

The model is more sensitive to the value of �, because �
appears with an exponent in equation 4. If � were less by a
factor of 10 (100 instead of 1000), then the population size
needed to fix the feature in the preceding example in 108

generations would decrease from 1022 to 1016. The number
of possible null mutations—the numerator of �—arises
from basic considerations of protein structure so that it is
unlikely to vary significantly. The number of possible com-
patible mutations �—the denominator of �—is more diffi-
cult to estimate. However, the value of one thousand that we
use for � in Figure 6 is conservative compared with the
range of values used by other workers (Walsh 1995). It
should be noted that as � becomes larger, the number of
possible null mutations—and thus implicitly the length of
the gene—must increase to maintain a constant value of �.

The model is most sensitive to the value of �—the num-
ber of loci that must mutate before a new MR function
occurs—which appears as an exponent in equation 4. If in
the case just mentioned, because of the particular initial
sequence of the parent gene, either three or nine nucleotide
changes were necessary instead of six, then the population
sizes required to fix the feature in 108 generations would
vary from 1011 to 1031 organisms. The dependence on �
may encourage speculation that perhaps MR mutations
could develop by point mutation in duplicate genes if the
parent gene giving rise to the duplication were serendipi-
tously poised to lead to the new feature with only one mu-
tation in the precursor gene. Although this is certainly pos-
sible, it is unlikely to be the general case. As one example,
Li (1997) has argued that the precursor to modern hemo-
globins that can bind diphosphoglycerate did not have any
of the three amino acid residues involved in the interaction.
As shown in Figure 5, for the average case, pre-equilibra-
tion, which allows for the occurrence of rare, fortunate al-
leles, does not affect the expected time Tf in the linear
portion of the curve.

The lack of recombination in our model means it is most
directly applicable to haploid, asexual organisms. Nonethe-
less, the results also impinge on the evolution of diploid
sexual organisms. The fact that very large population
sizes—109 or greater—are required to build even a minimal
MR feature requiring two nucleotide alterations within 108

generations by the processes described in our model, and
that enormous population sizes are required for more com-
plex features or shorter times, seems to indicate that the
mechanism of gene duplication and point mutation alone
would be ineffective, at least for multicellular diploid spe-
cies, because few multicellular species reach the required
population sizes. Thus, mechanisms in addition to gene du-
plication and point mutation may be necessary to explain
the development of MR features in multicellular organisms.

Although large uncertainties remain, it nonetheless seems
reasonable to conclude that, although gene duplication and
point mutation may be an effective mechanism for explor-
ing closely neighboring genetic space for novel functions,
where single mutations produce selectable effects, this con-
ceptually simple pathway for developing new functions is
problematic when multiple mutations are required. Thus, as
a rule, we should look to more complicated pathways, per-
haps involving insertion, deletion, recombination, selection
of intermediate states, or other mechanisms, to account for
most MR protein features.

Materials and methods

A duplicated gene in a population was represented by an array of
integer elements that could take the values of either zero or one.
The number of elements � in the array corresponded to the number
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of nucleotide positions that would have to mutate in a particular
gene to yield a hypothesized MR protein feature. In all cases, we
begin the simulation in a uniform initial state, with N duplicate
copies of the parent gene in the population, represented by N
identical arrays. This simplification of starting with the duplicate
gene already fixed in the population ignores the time needed for
the duplicate copy to initially spread in the population; thus the
average times we calculate from this model can be considered
underestimates of the time for fixation of a gene with a new MR
function. All elements of the array were initially set to a value of
one, which represented the initial, incompatible state of the posi-
tion, which could not contribute to the MR feature. Each position
in an array was then allowed to mutate sequentially with a prob-
ability set by the mutation rate v. A value of zero represented the
state that could potentially contribute to an MR feature. Back
mutations were permitted, so that a position with a value of zero
could revert to a value of one. The equal rates of forward and
backward point mutations should not be confused with the very
different rates at which a gene will acquire null mutations versus
acquiring a new, selectable MR feature.

After each step in which a mutation occurred at an array posi-
tion, a further probabilistic step was taken to simulate the possible
occurrence of one or more null mutations elsewhere in the gene.
With probability 1 / (1 + �), where � is the ratio of null-to-com-
patible mutations in the gene (neutral mutations are ignored), the
gene was considered to be free of null mutations and continued in
the simulation. With probability � / (1 + �) the gene was deemed to
have suffered one or more null mutations at positions not explicitly
represented in the array and consequently to have become a pseu-
dogene. In this case, the array was replaced in the population by a
new array in which all loci were again set to one. This is intended
to simulate replacement of the nonfunctional duplicate gene by a
new duplication of the original gene, whose sequence is considered
to remain constant under selection. Checking for null mutations
only when mutations occur at an array position has the intended
effect of making the gene duplication rate similar to the rate of
point mutation v. It has recently been shown that those two rates
are in fact similar (Lynch and Conery 2000). It should be noted
that the model purposely does not replace the duplicate gene im-
mediately whenever a null mutation would occur anywhere in the
gene, rather than waiting for one of the � array sites to mutate,
because that would have the effect of making the gene duplication
rate much faster than it is estimated to be.

After the mutation step, the population was checked for the
number of selectable organisms—those whose array elements all
had a value of zero. Arrays in which some but not all elements
were in a compatible state had no advantage. (This models MR
features where, by hypothesis, the selectable feature does not exist
until all contributing amino acids are in the correct state.) For most
simulations, the run was halted when the first selectable array was
discovered and the time in generations to the first occurrence of the
selectable MR mutant recorded. For other runs, the simulation was
continued and selection was applied at the reproduction step. In
these cases, the simulation was continued until >50% of the popu-
lation carried the MR feature, which was then considered to be
“fixed” in the population, and the time to fixation recorded. The
time for the selectable MR mutation to spread is generally much
less than the time for it to be produced by the population.

After each array was subjected to the mutation step, the next
generation was populated, either by deterministic reproduction or
by simulated stochastic reproduction. In deterministic reproduc-
tion, the next generation was taken clonally from the previous; that
is, the composition of the next generation was identical to the
previous generation after the mutation step. In stochastic repro-
duction, the subsequent generation was populated by copying ran-

domly chosen arrays, with or without selection, from the previous
generation until the subsequent generation was fully populated.

In some simulations, the process was “prerun” for a selected
number of generations, undergoing mutation and reproduction but
not selection. This was done to model populations that had to
varying degrees approached steady state with respect to the occur-
rence of the MR mutation in the population in the absence of
selection for it.

All equations were evaluated using Mathematica.

Acknowledgments

The publication costs of this article were defrayed in part by pay-
ment of page charges. This article must therefore be hereby
marked “advertisement” in accordance with 18 USC section 1734
solely to indicate this fact.

Appendix 1

Consider a population in which the number of duplicated genes
that has none of the necessary mutations to produce an MR feature
is n0, the number that has one required mutation is n1, the number
with two required mutations is n2, and so forth. As in the text, v is
the mutation rate per nucleotide per generation, � is the ratio of
possible null mutations to compatible mutations in a gene, and � is
the number of initially incompatible nucleotide loci in a duplicate
gene that must be changed to form the selectable, MR feature. Also
as in the text, genes suffering a null mutation are presumed to be
replaced by a new duplicate of the original gene, with all loci in the
incompatible state. Then we can write:

�n0

�t
= −���n0 + ��n1 + �	n1 + �	n2 � . . . + �	n�−1 (5)

�n1

�t
= ���n0 − ��n1 − �	n1 − ��−1���n1 + 2��n2 (6)

�n2

�t
= ��−1��n1 − 2��n2 − �	n2 − �� − 2���n2 + 3��n3 (7)

·
·
·

�n�

�t
= ��n�−1 (8)

where

� ≡
1

1 + �

and

	 ≡
��

1 + �
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Terms representing processes in which an additional compatible
mutation is gained without a null mutation first occurring are mul-
tiplied by the factor � − m, where m is the number of compatible
mutations a gene has already acquired, to account for the decreas-
ing number of sites that are available for potentially beneficial
mutation, and terms representing processes in which a compatible
mutation is lost without a null mutation first occurring are multi-
plied by m to account for the increasing number of sites that can
revert. Equation 8 represents the transition to an absorbing state
that is under selection, where all required mutations necessary for
the new MR feature are present. Once in the selectable state, the
gene is presumed not to leave by mutation to another state. (This
is similar to the situation described by equation 3, where the time
to just the first appearance of an MR feature is estimated, which
thus does not allow for back mutation of the gene with the MR
feature.)

If � 
 1, then n0 
 n1 
 n2…and 	 
 �. In this limit, equations
5–8 become simply:

�n0

�t
= −���n0 + �	n1 (9)

�n1

�t
= ���n0 − �	n1 (10)

�n2

�t
= ��−1���n1 − �	n2 (11)

�n�

�t
= ��n�−1 (12)

These can be solved in sequence by successive approximations.
For equation 10, we approximate n0 ≈ N (the total population size),
which for initial condition n1 � 0 gives:

�n1

�t
= ���N − �	n1 (13)

which has the solution

n1 = N�
�

	
�1 − e−�	t�. (14)

Using this solution for n1 in the next equation, with initial con-
dition n2 � 0, we have

n2 = N��� − 1���

	�2

�1 − e−�	t�2 (15)

Therefore, using the same approximation successively, we ob-
tain

n�−1 = N���!��

	��−1

�1 − e−�	t��−1. (16)

Last, we integrate equation 16 to get n�. Setting n� � 1 (the
first appearance of the MR feature) yields

1 = �
0

Tf
��!���N��

	��−1

�1 − e−�	t��−1 dt, (17)

or

N���
0

Tf
�1 − e�	t��−1 dt =

��1 + ���1 + ����−1

�!
. (18)

When � is small (<10), the values of Tf given by equation 18 do
not give a good match to the results of the simulations, which are
nonetheless closely matched by equation 3 in the text. When � is
large (�10), however, which will be the case in biologically re-
alistic situations, then equation 18 is approximately equal to equa-
tion 3 and both equations closely match the results of the simula-
tions because, for large �, for the exponent of the integrand on the
left-hand sides of the equations

2 + ��

1 + �
≈

��

1 + �
≈ �

and for the right-hand sides of the equations

� 1 + ������

�!� ≈
��1 + �������−1

�!
≈

����

�!
.

Appendix 2

In the limit of Tf � 1 / v�, the left-hand sides of both equation 3
and equation 18 are proportional to (Tf)�. This is seen in the
following:

�
0

Tf
�1 − e�t���−1� dt ≈ �

0

Tf
�1− �1−�t����−1� dt (19)

= ���−1� �
0

Tf
t��−1� dt (20)

=
���−1�

�
Tf

� (21)

where � ≈ v� for both equations in the limit � 
 1. In this limit,
equations 3 and 18 therefore become

N��������−1

�
Tf

�� ≈
����

�!
(22)

which implies

�Tf ≈ �����

�!N �
1��

, (23)

where we have used the approximations of Appendix 1 for the case
of � 
 1. The limit Tf � 1 / v� therefore corresponds to the limit
N 
 (1 + �)�(��/�!), or � � N1 / �.

For � � N1 / �, then, the time required to produce a selectable
state is inversely proportional to the �th root of the population size,
that is, TfN(−1 / �).
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